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Abstract

This paper presents a deep learning approach for option pricing using a long short-
term memory (LSTM) neural network applied to European call options on the S&P
500 index. We utilize a rolling window approach that trains 12 instances of the LSTM
model, one for each month of 2021. To gain further insight into the model performance,
we use explainable artificial intelligence (XAI) through SHapley Additive Explana-
tions (SHAP). We find that the LSTM model outperforms the Black—Scholes and the
Heston models and a multilayer perceptron (MLP) neural network regarding overall
pricing accuracy. Most notably, the time-sequencing nature of LSTM enables the pro-
posed model to capture sufficient short-term volatility from recently traded options.
This result is still robust when controlling for time-varying volatility dynamics. Thus,
the model is less prone to measurement errors in volatility.

Keywords Option pricing - LSTM - XAI

JEL Classification G13 - C63 - C45

1 Introduction

This paper studies a deep learning method for pricing options using a long short-
term memory (LSTM) neural network trained and tested on European call options
on the S&P 500 index. LSTM networks have been explored for multiple applications
in finance. Several of these studies highlight the advantages of LSTM networks in
analyzing relationships among time-series data through its memory function. Sezer
et al. (2020) find LSTM networks to be the most prevalent type of deep learning
method for financial time-series forecasting. Among the most popular applications is
to study individual stock markets (Chen et al. 2015; Jin et al. 2019) and equity indices
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(Lietal. 2017; Yan and Ouyang 2018; Qiu et al. 2020; Gao et al. 2021; Bhandari et al.
2022). In spite of the ability of machine learning methods to learn flexible, functional
forms and thus handle the complex non-linear relationship between underlying assets
and option values, the number of studies on the use of LSTM networks for option
pricing is limited. Compared to previous research on using an LSTM model for option
pricing, a key contribution of this study is to train and test the model using rolling
windows to imitate how real market participants could deploy the model and regularly
retrain it. The LSTM model is further analyzed using SHapley Additive exPlanations
(SHAP) to identify how different input features contribute to model predictions. To
further investigate the effect of these features on the predicted price, we analyze the
performance of the LSTM model for different levels of maturity and moneyness>. Our
research contributes to the limited number of studies demonstrating the feasibility of
applying deep learning methods using LSTM to price options.

Specifically, our results show that the LSTM model generally outperforms the
Black—Scholes (BS), the Heston, and the multilayer perceptron (MLP) neural network
benchmark models for options with longer time to maturity (greater than 3 months)
in each of the defined moneyness intervals. However, for options with a shorter time
to maturity (less than 3 months), the BS and Heston models perform better than both
deep learning methods. Most notably, the time-sequencing nature of LSTM enables
the model to capture sufficient short-term volatility from traded options over the past
five trading days. We find support for this conjecture from SHAP analysis, showing
that the volatility estimate in general does not impact predictions to any material
extent within the LSTM framework. We do, however, find that the volatility estimate
is relatively more important in the LSTM framework when volatility is low compared
to when volatility is high. This reinforces Bollerslev et al. (2016), that report larger
measurement errors in S&P 500 data when volatility is high. The true volatility is a
latent variable and must be estimated with error. Such measurement errors translate
to noise in training data. Hence, a higher signal-to-noise ratio naturally extends to
relatively higher importance of the volatility proxy at low volatility levels within the
LSTM framework. To further verify the robustness of this finding, we estimate a GJR-
GARCH (Glosten et al. 1993) model, in short GG, and use the resulting conditional
volatility estimates as an alternative volatility proxy in the BS, MLP, and LSTM. For
the LSTM model, including conditional volatility estimates as predictors does not
improve forecasts compared to our baseline LSTM specification, on the contrary -
the LSTM-GG tends to perform worse across most combinations of moneyness and
time to maturity. We interpret this as a confirmation of our hypothesis that the LSTM
model is capable of learning the pricing dynamics from history without relying on
explicit volatility estimates. As such, the proposed LSTM model is less exposed to

! In this paper, “model” broadly refers to any framework for estimating option prices. Traditional stochas-
tic models, like Black—Scholes, rely on probabilistic assumptions, while data-driven approaches, such as
LSTMs, learn pricing dynamics from historical data. Both are termed “models” as they share the goal of
predicting option prices.

2 Moneyness is defined as the price of the underlying divided by the strike price of the option. At-the-money
options have a strike equal to or close to the current price of the underlying. For call options, out-of-the-
money options have a strike higher than the current price of the underlying, and in-the-money options have
a strike lower than the current price of the underlying.
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measurement errors in the volatility input compared to benchmark models. This is
particularly important under rapidly changing market conditions.

Our research demonstrates that an LSTM model trained and tested using rolling
windows can improve pricing performance. Comparable studies employ different
approaches. Liang and Cai (2022) use a training-validation-test split that is rather the-
oretical, as it samples from the same time period. This potentially gives their LSTM
model an advantage as the training and test sets could have more similar character-
istics and feature values compared to sampling from different time periods. Liu and
Wei (2022) do an overall split of their data set, of which 70% is training data, and
30% is testing data. Compared to previous studies, our training-validation-test split
using rolling windows more realistically imitates how a real market participant could
deploy and retrain the model.

Considering previous studies on deep learning methods for option pricing, we
observe that few researchers report on the interpretability of their proposed method.
This is somewhat surprising as interpretability is often a requirement for the real-life
deployment of financial models. In our research, we analyze model interpretability
using SHAP, from which we draw insights to guide further research on the develop-
ment of LSTM for option pricing.

2 Literature review

Many extensions and alternative pricing models have emerged since the breakthrough
derivation of the analytical option pricing formula by Black and Scholes (1973) and
Merton (1973). The most prevalent criticism of the BS model is the assumption about
constant volatility over the life of the option, which is inconsistent with the volatility
smile observed in real option markets and empirical observations of the stochastic
behavior of volatility in asset prices and their derivatives (Yang et al. 2017; Ball and
Roma 1994). Several alternative option pricing models that incorporate stochastic
volatility have been proposed since, including (1987; 1988), Johnson and Shanno
(1987); Scott (1987); Wiggins (1987); Heston (1993) and Hagan et al. (2002). Other
extensions of the BS model are adjusted for skewness and kurtosis different from
the lognormal distribution, such as models developed by Jarrow and Rudd (1982),
Corrado and Su (1996) and Jurczenko et al. (2004). Another approach has been to
allow for discontinuous asset prices to take into account the influence of rare events
on the underlying price, like jump-diffusion models proposed by Merton (1976) and
Bates (1991). When there are no known analytical solutions, numerical methods are
useful to derive an approximate solution. This class of models includes tree-based
models (Cox et al. 1979; Rendleman and Bartter 1979) and finite difference methods
(Brennan and Schwartz 1978). When the dimensions grow, Monte Carlo simulations
(Boyle 1977) provide another approach to option pricing.

In contrast to the option pricing models presented above, machine learning models
do not pre-specify functional relations. Within machine learning, several types of
neural networks have been studied by financial researchers as methods for option
pricing. Ruf and Wang (2020) provide an extensive literature review of studies using
artificial neural networks (ANNs) for option pricing. They find that more than half of

@ Springer



R. Pimentel et al.

the paper abstracts explicitly emphasize the positive performance of ANNs in option
pricing and hedging. Hutchinson et al. (1994) is one of the first papers to use ANNs
to price options. They find that the ANN outperforms BS on average when applied
to daily call options on S&P 500 futures. Using intraday data for call options on the
German DAX index, Anders et al. (1998) also find that ANNs show a higher pricing
accuracy than BS. Garcia and Gencay (2000) use ANNSs to price European call options
on the S&P 500 index and present one of the first studies using moneyness as input
rather than the strike and the underlying price separately. Gencay and Qi (2001) and
Gradojevic et al. (2009) provide further evidence that ANNs perform better than BS
for call options on the S&P 500 index. Gradojevic et al. (2009) more specifically
study modular ANNs based on moneyness and time to maturity and demonstrate the
ability of such ANNS to specialize in pricing certain types of options. Amilon (2003)
apply ANNSs to call options on the Swedish OMX index and demonstrate better pricing
performance when benchmarked against BS. Bennell and Sutcliffe (2004) apply ANNs
to European call options on the FTSE 100 index. The ANN outperforms BS for out-
of-the-money options, whereas BS outperforms the ANN for in-the-money options.
More recent studies show some examples of increasingly complex ANN archi-
tectures. Yang et al. (2017) use a gated ANN to price European call options on the
S&P 500 index. Ferguson and Green (2018) demonstrate that deep ANN s can achieve
high pricing accuracy for derivatives valuations using a basket option as an exam-
ple. Liu et al. (2019) successfully price European call options using deep ANNSs that
consist of 4 layers with 400 nodes each. Wei et al. (2021) propose an ensemble learn-
ing mechanism for option pricing that aggregates the estimations of three parametric
models (stochastic volatility, jump-diffusion, and ad hoc BS3) and a convolutional neu-
ral network (CNN). The framework is applied to call options on the Shanghai Stock
Exchange (SSE) 50 ETF and shows that the ensemble model outperforms the paramet-
ric models. Wei et al differentiates their research by considering the co-movements of
options trading at the same time when estimating option prices and implied volatility.
Du Plooy and Venter (2021) find that ANNs are able to price European call options
on the Johannesburg Stock Exchange All Share Index with a high degree of accuracy
when given an implied volatility surface constructed using option price data from the
South African market. Jang et al. (2021) demonstrate improved pricing performance
by deep ANNs compared to parametric methods and other machine learning methods
when applied to call options on the S&P 500 index, call options on the EuroStoxx50
index, and put options on the Hang Seng Index. Qian et al. (2022) show that ANNs
based on the genetics algorithm achieve better pricing accuracy than standard ANNs
and the BS model when applied to call options on the Shanghai Shenzhen CSI 300
index. Liang and Cai (2022) propose an LSTM and a 1D-CNN to price call options on
the SSE 50 ETF and call options on the S&P 500 index. Both models are trained using
daily option quotes, from 2017 to 2019 for SSE 50 ETF, and 2019 for S&P 500. In
both option markets, the proposed LSTM model shows significantly improved pricing
accuracy and robustness compared to benchmark models, including BS. Liu and Wei
(2022) develop two LSTM models: an unregulated version and a regulated version

3 Ad hoc BS is a modified version of BS that estimates implied volatilities using the determined volatility
function.
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with added technical indicators. Similar to Liang and Cai (2022), Liu and Wei train
their model using daily data for options on the SSE 50 ETF. However, while Liang and
Cai focus on call options, Liu and Wei study both call and put options, and find that
both LSTM models demonstrate better pricing accuracy than the BS model. The best
pricing performance is achieved by the regulated LSTM model. In a recent review of
the literature investigating UK options data, Zouaoui and Naas (2023) find that deep
neural networks are capable of outperforming BS. However, Zouaoui and Naas (2023)
report mixed results in terms of the preferred deep learning architecture. Investigating
the relevance of exogenous variables, Andreou et al. (2008) report that lags of implied
volatility increase the pricing performance of ANNSs. Liu and Zhang (2023) find that
ETF50 option pricing accuracy can be improved when realized skewness serves as an
input feature in LSTM.

Machine learning models, such as neural networks, are often seen as black-box
models that are difficult to interpret. While it is well-understood how neural networks
can approximate any continuous function (Hornik et al. 1989), this does not necessarily
provide sufficient insight into the characteristics of the approximated function. These
limitations have driven the field of explainable Al (XAI), which is a set of methods
to help us understand and interpret predictions made by machine learning models.
The XAI methods that have been proposed can be categorized into local and global
explainability methods (Molnar 2022). Local explainability evaluates how individual
components contribute to each particular prediction made by a model. In contrast,
global explainability shows how individual components impact model predictions on
average. SHapley Additive exPlanantions (SHAP) is a local explainability method
proposed by Lundberg and Lee (2017). Although these values are calculated locally,
the local results can be aggregated to derive global explanations. Accumulated Local
Effects (ALE) is a global explainability method proposed by Apley and Zhu (2020).

3 Data

This section presents the data. First, we present the data preparation process and
descriptive statistics and then describe the time-sequencing of the data necessary for
using the LSTM model.

3.1 Data preparation

The data set consists of the daily closing price for SPX European call options on the
S&P 500 index from April 1st, 2020 to December 31st, 2021, provided by optionsDX*.
The data set is made up of 3,371,420 option quotes. Data filtering has been kept at
a minimum to maximize the generalization of the proposed LSTM model. The data
filtered out primarily consists of missing values, and options with more than three years
to maturity as these contracts were introduced during the testing period for the LSTM
model. About 3.2% of the data is discarded with these filtering criteria. Furthermore,
in creating the time-sequenced data structure as described in subsection 3.2, data for
the first four trading days are used to create lags and hence discarded. Data for the

4 https://www.optionsdx.com.
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Table 1 Summary statistics of processed data grouped by moneyness

Feature Moneyness <0.97 0.97—-1.03 >1.03
Count 755203 475368 2033753
Option price mean 28.20 111.79 963.88
std 53.15 90.00 753.26
min 0.02 0.02 64.00
25% 0.20 43.75 415.55
50% 3.35 95.05 724.20
75% 31.30 154.60 1264.94
max 582.30 747.15 4641.80
S&P500 mean 3862.98 3936.56 3909.54
std 605.90 558.37 564.42
min 2470.28 2470.28 2470.28
25% 3357.43 3446.95 3418.66
50% 3925.24 4019.95 3943.64
75% 4395.08 4405.87 4399.53
max 4792.94 4792.94 4792.94
Strike mean 4489.94 3938.90 2970.11
std 878.47 563.32 886.76
min 2550.00 2400.00 100.00
25% 3800.00 3460.00 2450.00
50% 4500.00 4030.00 3075.00
75% 4975.00 4415.00 3650.00
max 9200.00 4940.00 4650.00
Time to maturity (Days) mean 132.25 78.21 121.78
std 180.51 124.13 166.99
min 1.00 1.00 1.00
25% 19.00 14.00 20.00
50% 58.00 30.00 57.00
75% 168.00 94.00 154.00
max 1095.00 1095.00 1095.00

first four days of the training, validation, and test set are also discarded to avoid data
leakage due to overlapping time periods between the sets. This reduces the size of the
data set by an additional 15%. Table 1 summarizes the statistics for relevant features
in the processed data set before creating lags, grouped by level of moneyness.

The option price is calculated as the mid-price (bid-ask average).

Risk-free rates are interpolated from U.S. Treasuries>. Finally, min-max scaling is
used to scale each input value between 0 and 1, as given by Eq. 1. To prevent data
leakage, the min-max scaling is calibrated with the minimum and maximum values of

5 Publicly available at https://home.treasury.gov.
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Table 1 continued

Feature Moneyness <0.97 0.97—1.03 >1.03
Count 755203 475368 2033753
Volatility mean 0.22 0.20 0.21
std 0.15 0.13 0.14
min 0.10 0.10 0.10
25% 0.12 0.12 0.12
50% 0.15 0.15 0.15
75% 0.21 0.20 0.21
max 0.54 0.54 0.54
Risk-free rate mean 0.08 0.07 0.08
std 0.06 0.05 0.06
min 0.00 0.00 0.00
25% 0.05 0.04 0.04
50% 0.07 0.06 0.07
75% 0.10 0.09 0.10
max 0.99 0.99 0.99
Moneyness mean 0.87 1.00 1.59
std 0.09 0.02 1.88
min 0.50 0.97 1.03
25% 0.81 0.98 1.11
50% 091 1.00 1.22
75% 0.94 1.01 1.48
max 0.97 1.03 47.93

the training set and not the entire data set. The same scaling ranges from the training
set are then applied to the validation and the test set.

X - Xmin
X = 1
scaled Xomax — Xomim ( )

3.2 Data time-sequencing

Data must be in a time-sequenced format for the LSTM model to utilize time-series
information. A sequence length of five days is used, following Liang and Cai (2022).
This means that data from the last four trading days and the current day is used to
price options for the current day. The time-sequencing method is illustrated in Figure
Fig.1 for an option with a time to maturity of 30 days. As a result of creating time
sequences for all options in the data set, we get a three-dimensional matrix with axes
for options, time steps, and features as visualized in Fig.2. The LSTM model takes
this three-dimensional matrix as input.
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Fig.1 Time-sequencing of a 30-day maturity option using a sequence length of 5 days
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Fig.2 3D format of the LSTM model input structured by options, time-steps, and features

4 Methods

This section starts by describing the volatility estimators considered in the study,
next introduces the proposed LSTM model, describes the specific model architecture
implemented, how the model is trained, the hyperparameter search, and finally presents
the methods used to benchmark model performance®.

6 The Python code with the implementations of all models is available upon request.
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4.1 Volatility estimation

Following Liang and Cai (2022), our baseline specification considers the 90-day mov-
ing average volatility of the underlying,

i (Ri — R)?
n—1

o =,/252 , 2)

where R, = log(S,/Sn—1) and S, is the closing price for day n.

Although this is a simple estimate of the true volatility, we hypothesize that it is
sufficient, given the recurrent nature of the LSTM and its inherent capability to learn
the option pricing dynamics. Arguably, a time-series model for conditional volatility
could potentially serve the same purpose. Hence, to control for this, we estimate a
GJR-GARCH (1, 1) with ¢-distributed residuals (Glosten et al. 1993). The dynamic
equation for the conditional variance ‘712 of the GG(1, 1) is

ol =w+4au’ |+ Bol | +yur 1(ri_1 <0), 3)

where u is the return, o is the volatility, «, 8, y are parameters, and / is an indicator
function which equals 1 if r,_; < 0 and zero otherwise. The last element captures
the well-known leverage effect in equities, causing asymmetrical effects on volatility
from positive and negative returns.

4.2 The LSTM model

LSTM neural networks, introduced by Hochreiter and Schmidhuber (1997), are mod-
ified versions of RNNs. The structure of RNNs allows previous hidden states to feed
into and thereby influence the outputs of subsequent steps, which makes this class of
neural networks suitable for sequential or time series data. However, a key challenge
for RNNSs is vanishing gradients that hamper their ability to learn long-term depen-
dencies. This means that RNNs may not be able to connect information from prior
states to the current state to make accurate predictions, especially if prior states are
not sufficiently recent. The LSTM network provides a solution to the challenge of

long-term dependencies’.

4.2.1 Model implementation

The proposed LSTM model uses the same inputs as BS, meaning strike price, the
underlying price, time to maturity, the risk-free rate, and volatility. The structure of
the LSTM model consists of five LSTM layers, each followed by a batch normalization
(BN) layer. The overall structure of the LSTM model is visualized in Fig. 3.

A common issue with deep neural networks is gradient disappearance or gradient
explosion. To mitigate this, BN layers are implemented to normalize the activations

7 See Appendix subsection A.1 for a general description of LSTM architecture.
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LSTM layer
BN layer
LSTM layer + BN layer
(5 stacking structures in total)
v
Dense layer

Fig.3 Structure of the LSTM model

of the preceding layer in each batch. Implementing BN layers also helps prevent
overfitting and speeds up the training process by requiring fewer iterations to converge.
The BN normalization algorithm is presented below. For further details, see Ioffe and
Szegedy (2015).

Input: Values of x over a mini-batch B = {x, ..., x,,,}
Parameters to be learned: y and
Output: y; = BN, g(x;)

1 = . .
Hg < P 21: X Mini-batch mean
=
1 m
o 5 < ;(xi — 1p)? Mini-batch variance
=
Xi < Rl Normalize
,/05 +€
yi < vXi +B = BN, g(x;) Scale and shift

Where € is a small constant for numerical stability.
ReLU is used as an activation function in each neuron, for which the function is
defined as

ifx>0
hoy =17 "=
0 otherwise
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The initial weights in the model are randomly generated. The weights are then repeat-
edly updated to reduce the mean squared error (MSE) with the AdamW optimizer,
which extends the Adam optimizer (Kingma 2014) utilizing weight decay to penal-
ize large weights and avoid exploding gradients, see Loshchilov and Hutter (2017).
Furthermore, we utilize early stopping once validation loss has not improved for 20
consecutive epochs during hyperparameter search and final model training. For each
time validation loss is improved, checkpointing is used to save the model, which will
be used to make predictions.

4.2.2 Model training

The proposed LSTM model employs a chronological split where the training data
comes before the validation and test data in time. Compared to random partitioning, this
prevents breaking the time-series structure and creating information leakage between
the test and training sets (Ruf and Wang 2020). Furthermore, Yao et al. (2000) show
that the test error obtained with random partitioning underestimates the generalization
erTor.

We implement rolling windows over 10-month periods using an 8-1-1 training-
validation-test split. This means that to price options in January 2021, the model is
trained using option prices from April 2020 to November 2020, and with a validation
set consisting of option prices for December 2020. Similarly, to price options in Febru-
ary 2021, a new instance of the model is trained and validated using data from time
periods shifted a month forward compared to when pricing options in January. Over
the entire training process for pricing options in each month of 2021, 12 instances of
the LSTM model are created.

By utilizing rolling windows, the training data is arguably more up-to-date, repre-
sentative, and relevant to the out-of-sample options to be priced. Rolling windows are
also better equipped to handle the existence of time-inhomogeneity in financial data,
where relationships change over time (Ruf and Wang 2020). In this paper, we conduct
monthly retraining, for which Fig. 4 illustrates the corresponding rolling windows set-
up. When deployed and under ideal conditions, a market participant can retrain the
model at arbitrary intervals as needed, such as on a weekly or daily basis.

4.2.3 Hyperparameter search

We conduct an extensive automated hyperparameter search based on a random search
algorithm that obtains 100 different combinations of hyperparameters, within a pre-
defined range, that the model is configured and tested with®. For each combination
of hyperparameters, we train a model on the training set of the first model period and
test on the corresponding validation set. The first model period was used to avoid
data leakage if the test data for any of the model periods were included in the train-
ing or validation set of the hyperparameter search. We use the same hyperparameter
configuration for all model instances.

8 The hyperparameter search is conducted using wandb (https://wandb.ai/). wandb is an experiment-
tracking tool for machine learning which allows running multiple hyperparameter searches in parallel.
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2020 2021
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Fig.4 Rolling windows using 12 separate model instances with 1-month test sets for each month in 2021

bn_momentum layers units learning_rate minibatch_size weight_decay validation_loss
040 = s 11,000
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8/000

uas % \ b ¢ / N\ AN 7,000
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Fig.5 Validation loss from 100 model initializations with different hyperparameters for the LSTM pricing
model

Figure 5 shows all the runs from the hyperparameter search for the LSTM model.
It shows the validation loss for the 100 different model configurations, each with
a distinct set of hyperparameters. The figure helps identify the configurations that
minimize the validation loss, guiding the selection of the best-performing model. The
variation in validation loss across the different configurations indicates how sensitive
model performance is to changes in hyperparameter values.

Figure 6 shows a feature importance metric for each hyperparameter and the lin-
ear correlation between each hyperparameter and the validation loss. Since we want
to minimize the validation loss, a positive correlation implies that we want a lower
parameter value. The feature importance metric is calculated by training a random for-
est with the hyperparameters as input and the validation loss as the target output. The
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Hyperparameter Importance Correlation
Learningrate o ==
Weight decay -_— o
BN momentum - -
Layers — —
Units - —

a [

Minibatch size

Fig. 6 Estimated feature importance metric for each hyperparameter, and linear correlation between each
hyperparameter and the validation loss. A green correlation bar indicates a positive correlation and a red
correlation bar indicates a negative correlation

Confeuration o the LSTM and LST™ LSTM GG
LSTM-GG models Layers 5 4
Units per layer 64 32
Learning rate 0.002595 0.001293
Weight decay 0.000333 0.000052
BN momentum 0.262121 0.001874
Minibatch size 4096 4096
Epochs Early stopping Early stopping
Optimizer AdamW AdamW

metrics are interpreted as how much each hyperparameter contributes to model per-
formance regarding validation loss. We take into account feature importance metrics
in our analysis to mitigate some limitations of linear correlation, such as not captur-
ing second-order interactions between inputs. The hyperparameter values presented
in Table 2 are based on analysis of Figs.5 and 6, and the inspection of top performing
hyperparameter combinations during the search.

4.3 Benchmark models

To evaluate the performance of the proposed LSTM network, we compare it with sev-
eral benchmark models. First, we consider two stochastic models. The Black—Scholes
model is included as it remains a widely used benchmark (Hutchinson et al. 1994).
As noted in the comprehensive review by Ruf and Wang (2020), other commonly
used parametric benchmarks are stochastic volatility pricing models. Therefore, we
also incorporate the Heston model as a benchmark. Finally, we include a data-driven
approach using a simpler neural network that does not account for time sequencing,
namely a multilayer perceptron.
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4.3.1 Black-Scholes model

The Black—Scholes model (Black and Scholes 1973; Merton 1973) assumes the under-
lying asset follows a geometric Brownian motion under the risk-neutral measure,

dSt =rS;dt+US,dWl, (4)
where S; is the underlying asset price at time ¢, o is the volatility of the underlying

asset, r is the risk-free interest rate, and W is a Wiener process. Under this model, the
price for a European call option C for a non-dividend paying asset is given as

C(So, T) = So N(d1) — Ke™"T N(da) )
log(So/K) + (r +02%/2)/T
d; = 6
1 /T 6)
)
b = log(So/K) + (r —0?/2)/T _ 4 —oT o
oT

where Sy is the current price of the underlying, K is the exercise price of the option, T
is the time to maturity, and N (-) is the cumulative normal distribution. As for the LSTM
model, the volatility in the Black—Scholes is the 90-day moving average volatility of
the underlying asset and the GG.

4.3.2 Heston model

The Heston model is a stochastic volatility model used to price European call options,
proposed by Heston (1993). Borrowing the notation already defined to the Black—
Scholes model, the Heston model assumes that the underlying asset price, Sy, and its
variance, V;, follow the stochastic differential equations

dS; = rSidt +/V,$;dW?, ®)

dV, = k(@ — V)dt +ny/V,dW,) 9)
where V; is the variance of the asset returns, « is the rate of mean reversion of the
variance, 6 is the long-term variance mean, 7 is the volatility of volatility, and WS and
WV are two Wiener processes with correlation p. The price of a European call option
for a non-dividend paying asset under the Heston model is given by

C(So, T) = SoP; —e "TK Py, (10)

where P and P; are risk-neutral probabilities defined as

1 x® —zuan
0

T
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I(a)rl:;ieg?lrai?:leg: lt?lz:n;/tlifP and MLP MLP-GG
MLP-GG models Layers 4 6
Units per layer 32 96
Learning rate 0.004469 0.004102
Weight decay 0.000425 0.000202
BN momentum 0.300571 0.327534
Minibatch size 4096 2048
Epochs Early stopping Early stopping
Activation function ReLU ReLU
Optimizer AdamW AdamW

where Re(x) represents the real part of the number x € C. The characteristic functions
fi(u) and f>(u) are given by

fiw) =exp (iulnSo+ C;(T,u) + D;(T, u)Vp) , (12)

where V) is the current volatility of the underlying asset price and

Ci(T,u) =ruTi+ /:]_2 |:(b.,' — pnui +d;)T —21n (%)} ;313

DT = bj — pz;u‘ +d; 11_—;;; ’ (14)
with

bj =Kk +r+( —2)pn (15)

d; :\/(bj — pnui)? + n%u? + (=1)Jui), (16)

_bimpnuitd; (17

8 = :
bj — pnui —d;
where A is the linear constant of the function representing the price of volatility risk.

4.3.3 The multilayer perceptron model

A multilayer perceptron (MLP) neural network is a classical feedforward ANN with
multiple layers. The MLP network used to benchmark utilizes the same input as the
BS, but in contrast to LSTM only uses the current time values as input. It follows
that it is not able to capture information embedded in the time-series structure as
the LSTM model. The implementation and training of the MLP follows the same
procedure as the LSTM. We also conduct a hyperparameter search for the MLP to
derive the hyperparameter values shown in Table 3.
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4.4 Interpretability analysis using SHAP

SHapley Additive exPlanations (SHAP) is a unified framework for interpreting model
predictions. It was introduced by Lundberg and Lee (2017) to address the issue that
there is a growing number of interpretability methods, yet a lack of understanding of
how these methods relate and when one method is preferable over another. Instead of
relying on a single method, the proposed SHAP value unifies six methods to provide a
unified measure of feature importance that can be assigned to each feature. In selecting
these six methods, Lundberg and Lee introduce the perspective of viewing any expla-
nation of predictions by a certain model as a model in itself, termed the explanation
model. The six methods that SHAP values are based on all use the same explanation
model. Mathematically, let f be the original prediction model to be explained and g be
the explanation model. Explanation models often map the original inputs x through a
mapping function x = &, (x’) to get simplified inputs x’. Then the explanation model
g can be defined as:

M
g@)=¢o+ ) ¢z (18)

i=1

where 7' € {0, l}M , M is the number of simplified input features, and ¢; € R is the
effect attributed to each feature by methods with explanation models matching Eq. 18.
For more detailed explanations, see Lundberg and Lee (2017).

Since SHAP is a local model-agnostic method that calculates the impact of each
single data point, a key challenge is that it is computationally expensive. Therefore, we
adopt SHAP using K-means with k = 20 to extract representative option quotes from
the training set to be used by the explainer. From the test set, we sample 10,000 options
for which SHAP values are calculated. The analysis of the model pricing options is
done in January 2021°.

5 Results and discussion

This section presents the pricing performance of the LSTM model and the MLP
model, hereafter collectively referred to as the deep learning methods, as well as the
performance of BS and Heston, which together we call parametric models. We consider
two different ways of estimating the volatility, namely, a 90-day moving average and a
GJR-GARCH. For simplicity, we refer to the models with the GIR-GARCH estimates
as BS-GG, MLP-GG, and LSTM-GG, respectively.

Results presented for the deep learning methods combine the results of the 12 model
instances tested in each month of 2021 using the rolling window approach. Our main
finding is that the LSTM models achieve higher pricing accuracy than benchmark
models at an aggregated level, considering all options in the data set and for most
options with longer time to maturity in each of the defined moneyness intervals.

9 SHAP plots for all 12 model instances, using a smaller sample size, are available upon request. All plots
show similar trends.
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Table 4 Pricing performance metrics for all models for the full-year 2021

BS BS-GG Heston MLP MLP-GG LSTM LSTM-GG
RMSE 37.82 39.68 35.90 30.59 35.08 27.94 26.86
MAE 21.09 2223 20.00 20.93 25.78 19.94 18.82

Bold values indicate the best model in each category

In the following discussion, we first analyze the overall pricing performance of all
models. Then, we conduct an interpretability analysis of the LSTM model. We further
analyze the pricing performance of the models with regard to time to maturity and
moneyness.

5.1 Overall pricing performance

To evaluate the forecasting accuracy of the different models, root mean squared error
(RMSE), mean absolute error (MAE), and the Theil U; coefficient are employed.
Additionally, bias, variance and covariance proportion are also calculated to assess
estimation performance and types of errors. The bias proportion indicates how far the
forecast’s mean is from the actual series’s mean. Variance proportion indicates how
far the forecast’s variance is from the actual series’s variance. The covariance propor-
tion measures the remaining unsystematic forecasting errors. These three measures
should all sum to one. Low bias and variance proportions are preferred. See Appendix
subsection A.2 for further details on performance metrics.

Table 4 shows the pricing error aggregated across all option quotes for the full year
of 2021. The table shows that generally both deep learning methods perform better than
BS and Heston, and that LSTM outperforms the MLP model, both in terms of RMSE
and MAE. We also note that the LSTM and the LSTM-GG present a similar pricing
accuracy. The overperformance of the LSTM model could be attributed to its ability
to capture more complicated non-linear and time-dependent patterns, allowing it to
capture more dynamic market conditions better. The greater flexibility of the deep
learning methods could reduce the bias. The outperformance of the deep learning
methods is consistent with results by Liang and Cai (2022) and Liu and Wei (2022).
For comparison, it should be noted that the deep learning methods Liang and Cai
(2022) refer to include an MLP, a 1D-convolutional neural network, and an LSTM
model. The models are applied to options on both the S&P 500 and SSE 50 ETF. Liu
and Wei (2022) use LSTM to price options on the SSE 50 ETF.

Table 5 shows the bias, variance, and covariance proportion for all models. In terms
of bias, the Heston model has the lowest bias proportion, followed closely by the
LSTM models, which still maintain a significantly lower bias compared to MLP and
BS. It can be seen that the difference in bias proportion between MLP and BS is
less than that of LSTM and BS. Both deep learning methods exhibit a lower variance
proportion than BS, though the Heston model achieves the lowest variance overall.
However, Heston’s advantage in variance comes at the cost of a higher covariance
proportion, suggesting potential over-smoothing. In contrast, LSTM models strike a
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Table‘5 Bias, varignce and Model Bias Variance Covariance

covariance proportion
BS 13.71% 8.94% 77.34%
BS-GG 7.06% 6.21% 86.74%
Heston 0.07% 3.25% 96.68%
MLP 19.51% 5.95% 74.54%
MLP-GG 18.99% 0.30% 80.71%
LSTM 1.29% 4.47% 94.24%
LSTM-GG 1.08% 2.94% 95.98%

better balance, maintaining low bias and moderate variance while keeping covariance
slightly lower than Heston, which contributes to their superior overall performance.
The DM statistic (Diebold and Mariano 1995) in Table 6 shows that the differences
in pricing by the models are statistically significant. Table 7 shows Theil U] statistics
that support the finding that LSTM is the superior model, followed by MLP, Heston
and finally BS.

The aggregated impact of each feature across all lags is shown in Fig.7. The x-
axis measures the SHAP value, where a positive value indicates an increased option
price and a negative value represents a reduced option price. A red color indicates a
high feature value, and a blue color indicates a low feature value. The SHAP values
estimate the impact of each feature value in terms of explaining deviations in output
values from a baseline of expected option value if no feature values were given. The
interpretations of feature effects are thus relative to the other options in the data set.

The SHAP values shown in Fig. 7 indicate that the largest deviation from the baseline
option price is caused by the strike price, followed by the value of the underlying S&P
500 index, time to maturity, volatility, and lastly, the risk-free rate. Having the intrinsic
value of the option has the more relevant characteristic is expected. These findings are
consistent with the interpretability analysis by Liang and Cai (2022) using ALE. The
most important features are also those that show the broadest range of feature values
in the data set as shown in Table 1. From Fig. 7, we clearly see that higher values for
the S&P 500 index and time to maturity contribute to increasing the estimated option
price, while higher values for the strike contribute to reducing the estimated option
price, and vice-versa. This confirms known relationships for call options.

Contrary to the common understanding of option pricing, the SHAP values indicate
volatility is not so relevant to estimating the option price within the LSTM framework.
A reasonable explanation is that the time-sequencing nature of LSTM enables the
model to infer sufficient short-term volatility from the past five trading days of S&P
500 prices in its input. This is also supported by the fact that the performances of the
LSTM and LSTM-GG do not differ significantly. Ruf and Wang (2020) points out
that the rolling window is used by some practitioners when volatility is not used as an
input feature. The rolling window approach thus allows each instance of the LSTM
model for each window period to learn the implied volatility during the training period,
thereby reducing the need for an explicit volatility input feature. This could imply that
a model with a rolling window but without a volatility measure or that pays little
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Table 7 Theil U; statistics

Model Theil U
BS 0.000031
BS-GG 0.000032
Heston 0.000029
MLP 0.000025
MLP-GG 0.000029
LSTM 0.000023
LSTM-GG 0.000022
’, High
Strike F
|
S&P500 —’- =
! ©
>
Time to maturity o
&
Volatility @
Risk-free rate
[ Low

~1000 -500 O 500 1000 1500 2000 2500
SHAP value (impact on model output)

Fig. 7 SHAP values aggregated for each feature across all lags for the LSTM model using a sample of
10,000 option quotes

attention to the volatility measure could be vulnerable to large changes in volatility
between the training and test period. It could also imply that the volatility measure
would be more important with a longer training period. The same argument could be
given for the risk-free rate, as it also does not change that much during the training
period.

To explore that further, Fig.8 depicts how the volatility explainability changes
depending on the volatility and S&P 500 prices.'? For high values of volatility, the
volatility itself does not contribute that much to the option price prediction. However,
when the volatility is low, it contributes more significantly to decreasing the estimated
option price. The observation that volatility is relatively more important at low levels
coincide well with Bollerslev et al. (2016), who report that low levels of volatility are
associated with less measurement errors.

5.2 Impact of time to maturity and moneyness on pricing performance

The interpretability analysis finds strike price, underlying price, and time to maturity
as the most important features determining model estimates. To examine how pricing

10 Note all features are standardized.

@ Springer



Option pricing with an LSTM approach

1.20 1 - 40
g e
=
1.18 4 L 20
¥
1.16 2z
& B
o 114 1 =
a 20 &
: g
R 112 R -
m
o« -40 2
1.10 - ® 2
w
‘ 60
1.08 -
-80
1.06 »
-0.04 —0.03 —0.02 —-0.01 0.00 0.01 002 0.03

Volatility

Fig.8 SHAP value for volatility aggregated across all lags for the LSTM model using a sample of 10,000
option quotes

performance changes with regard to different option characteristics, we therefore fur-
ther analyze the results by moneyness and time to maturity since these are the most
important input features. Along these dimensions, performance is shown in Table 8
as RMSE and in Table 9 as MAE. These tables show that the deep learning methods
outperform BS and Heston for options with longer time to maturity across all levels
of moneyness, whereas BS and Heston outperform for options with shorter time to
maturity. The LSTM model outperforms the MLP model for almost all maturity and
moneyness combinations.

Tables 8 and 9 also reveal interesting implications with respect to the relevance of
conditional volatility estimates, as represented by GG. Notably, the marginal effects
of including GG estimates differ for MLP and LSTM. The overall tendency is that
MLP benefits from including an explicit conditional volatility estimate. This is not
surprising, since the MLP is not a recurrent neural network and hence does not inher-
ently have memory. The LSTM architecture, on the other hand, is well suited to learn
predictive signals from time-series dynamics. In most instances, LSTM outperforms
LSTM-GG'!. A likely explanation is that GG volatility estimates contain a too low
signal-to-noise ratio, conditional on the information already contained in the history
of option prices and learnt by the LSTM model. It is well established that true volatil-
ity is a latent variable and must be estimated with error, irrespective of the choice

' These conclusions are further supported by the pairwise Diebold-Mariano model comparisons in
Table 6.
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Fig.9 RMSE of model predictions sorted by time to maturity

of volatility model. Hence, measurement errors, in the form of bias and variance in
volatility estimates, are likely to be less distorting for MLP compared to LSTM.

Figure 9 shows pricing performance changes with respect to time to maturity. As
RMSE is an absolute measure, it is natural that the RMSE increases for all models as
maturity increases because this should increase the value of the options, all else being
equal. Nonetheless, we see a steeper increase in RMSE for the BS and Heston models
than for the deep learning methods. This might be caused by the BS assumptions, such
as constant volatility and lognormal distribution, being less likely to hold over longer
time periods. Similarly, while the Heston model accounts for stochastic volatility
through the Cox-Ingersoll-Ross (CIR) process, its increasing RMSE suggests that its
volatility dynamics may not fully capture long-term price behavior. Market participants
could use a different volatility specification for longer maturity options, which could
further impact the pricing accuracy of these models. The improved performance by
the deep learning networks compared to BS and Heston for options with longer time to
maturity is consistent with results by Liang and Cai (2022). Stark (2017) also show that
neural networks perform better than BS for options with longer time to maturity when
applying an MLP to price European call options on the DAX 30 index. The finding
that BS overall performs better in options with a shorter time to maturity contradicts
the results of Liang and Cai (2022). However, they perform less well relative to BS
on short-maturity options and for short-maturity at-the-money options they indeed
outperform the deep learning methods. Liang and Cai (2022) also find that the Heston
model’s RMSE is lower than the deep learning models for short-maturity options. Fig. 9
assures that the LSTM model outperforms the other models for maturities longer than
90 days. For shorter maturities, the LSTM-GG is the deep learning method with the
best performance. However, BS, BS-GG, and Heston present the lowest RMSE in
these scenarios.
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Fig. 10 RMSE of model predictions sorted by moneyness

Figure 10 shows how pricing performance varies according to moneyness. As with
time to maturity, RMSE would generally be expected to increase for increasing mon-
eyness as this makes the options more valuable. However, a more non-linear pattern
is observed with a curved local peak around at-the-money options, especially for the
parametric models. This could be attributed to the volatility smile, indicating that the
volatility used is perhaps closer to the implied volatility we would see for out-of-the-
money and in-the-money options than at-the-money options. The RMSE nonetheless
continues to increase as the options become deeper in-the-money. The lower pricing
errors on absolute measures for out-of-the-money options are in line with other liter-
ature (Liang and Cai 2022; Bennell and Sutcliffe 2004; Gencay and Salih 2003). For
comparison, Bennell and Sutcliffe (2004) use an MLP to price European call options
on the FTSE 100 index, and Gencay and Salih (2003) use an MLP to price European
call options on the S&P 500 index.

The deepest out-of-the-money options also have a high RMSE compared to the
less out-of-the-money options. All else equal, these options should be worth less, thus
having a higher relative error. Both parametric and deep learning methods have trouble
pricing the deep-in-the-money options, being the latter clearly worst. This could be
due to these options being less traded, leading to more noise and mispricings, thus
making it difficult for the models to price these options correctly.

An attempt to address the issue of varying performance across moneyness levels
is proposed by Gradojevic et al. (2009) by training separate neural networks for each
class of options categorized by moneyness and time to maturity. Yang et al. (2017)
argues that these manual heuristics for dividing the options is suboptimal as it does
not adapt to changing market conditions over time and proposes a dynamic divide-
and-conquer method to divide the option space. Another approach to increase the
performance is simply to filter out deep-in-the-money options from the data set to
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increase the performance of our deep learning methods. Yang et al. (2017) discard
in-the-money options and justifies this by stating that trading is very inactive for those
options, and thus their prices are not reliable. Bennell and Sutcliffe (2004) show that
their neural networks performs better than BS for out-of-the-money options, but worse
for in-the-money options. However, when they restrict the sample space by excluding
options with moneyness greater than 1.15 and maturity longer than 200 days, the
performance of the neural networks becomes comparable to that of BS, even for the
in-the-money options.

6 Conclusion

This paper presents an LSTM model to price European call options on the S&P 500
index. To simulate the real-world scenario of model deployment, we utilize a rolling
window approach, resulting in the training of 12 instances of the LSTM model, one
for each month of 2021. The LSTM model is benchmarked against the BS, the Heston,
and an MLP network. The results show that the LSTM model outperforms benchmark
models for options with longer time to maturity in each of the defined moneyness
intervals. However, for options with a shorter time to maturity, the BS and Heston
models perform better than both deep learning methods. Our interpretability analysis
using SHAP shows that the strike price, the price of the underlying, and the time to
maturity are most important for model predictions. Most notably, the time-sequencing
nature of LSTM enables the model to capture sufficient short-term volatility from
traded options over the past five trading days. As such, the proposed LSTM model
is less exposed to measurement errors in the volatility input. This is in contrast to
parametric option pricing models, which rely heavily on implied volatilities inferred
from option prices - inevitably involving model risk. Hence, the proposed LSTM
model sidesteps the crucial applied problem of explicitly estimating an appropriate
volatility parameter specification in parametric models.

An interesting area for further research is to use implied volatility instead of his-
torical volatility, which increased the performance of the ANN proposed by Andreou
et al. (2008), or using forecasting methods for volatility. To further utilize the time-
forecasting ability of LSTM models, a separate LSTM model could be trained to
forecast volatility using a time series of the S&P 500 as input. Exploring other volatil-
ity measures could also be beneficial for the BS model. Other benchmarking models
like the parametric model including jumps from Merton (1976) or other neural net-
works like CNN5s could also be explored.

Another limitation is only using the same input variables as the parametric models.
These variables likely do not capture all the information a market participant would
use when trading options, making the model less flexible in terms of pricing options
during changing financial conditions. Further research could therefore explore the use
of different input features for our proposed LSTM model. Examples of other input
features include prices or other data for concurrently traded options. It seems intuitive
to assume that such information contains useful insight into what investors see as the
likely risk-neutral probability distribution at different times in the future. To make
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this feasible in terms of input dimensionality, an initial CNN layer could be used for
feature extraction.

Finally, our research could be extended to other use cases for options like hedging,
risk management, or trading that could benefit from the ability of LSTM models
to capture complicated non-linear and time-dependent patterns while learning and
adapting to dynamic market conditions.

A Appendices
A.1 Core concepts of LSTM networks

The LSTM network provides a solution to the challenge of long-term dependencies
with a structure that consists of three gates: an input gate i;, a forget gate f; and an
output gate o;. The subscript 7 represents a single time step. These gates control the
flow of information used to calculate the output at each state. Figure 11 illustrates the
LSTM unit structure, referred to as a memory cell, at a single time step.

The forget gate decides what information to throw away from the cell state ¢, using
sigmoid as the activation function, as given by Eq. 19. It takes the output from the
previous hidden state &;_; and the new input x; as the total set of inputs at this time
step. It outputs a number between 0 and 1 for each number in the previous cell state

Update cell state to help
determine new hidden state

Cell state Ct-1 R) e o
) | »
tanh
1
Hidden state ht—-l h,
—>
b ‘ ,,,,,,,,,,,

Candidate for cell

Xt
state update

q Neural network layer (X) Element-wise multiplication ea Addition

Fig. 11 A single LSTM memory cell showing the forget gate, the input gate and the output gate
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ct—1. An output of 0 signals to completely get rid of the information, and an output of
1 signals to keep all the information.

fi=oWysxi +Wprphi—1 +by) (19)

where o denotes the sigmoid activation function, Wy , and Wy ; denote weight matri-
ces, and b denotes the bias term.

The process of deciding what information to store in the cell at this time step can be
viewed as two steps. In step one, the input gate decides which values to update using
sigmoid activation, as given by Eq.20. Then, we generate a vector of new candidate
values ¢; using tanh, as given by Eq.21. To create an update to the state, we combine
the outputs from these two steps.

ir =0 (Wi xxi + Wi nhi—1 + b)) (20)

i = tanh(Wg xx; + We phi—1 + bz) 2D

where W; , W; , Wz, and Wz, denote weight matrices, and b; and bz denote bias
terms.
The update from the old cell state c;_; to the new cell state ¢; is given by Eq.22.

a=f0a1+iiO¢ (22)

where © represents element-wise multiplication.
The final output is a filtered version of the cell state ¢;. First, a sigmoid layer decides
which parts of the cell state to output, as given by Eq. 23. Then, tanh is applied to the

cell state to transform its values between -1 and 1. These two outputs are multiplied
so that only the desired parts are given as output, according to Eq.24.

Oy = U(Wo,xxt + Wo,hhtfl + by) (23)

h; = o, © tanh(c;) (24)
where W, . and W, ; denote weight matrices, and b, denote the bias term.

A.2 Performance metrics

1 — .
RMSE = VMSE = | —3% (yi =)’ (25)
i=1
1 m
MAE = —% |y = il (26)
i=1
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N DRI

Theil Uy = i (27
m it )’i2
Lsm oy 5.))2
Bias proportion = (r;’ Z;nzl(yl )jl); (28)
o 2oi=1 (Vi — Vi)
. . (05 —0y)’
Variance proportion = —= 5 29)
o i1 i = 3i)
2(1 — 050y
Covariance proportion = (1 = p)ayoy 30)

n% Z,m:1(yi - )A’i)2

Where m is the number of options, y; is the observed price and y; is the price given
by the model, p is the correlation between y and y, and oy and o is the standard
deviation of ¥ and y respectively.

Diebold Mariano (DM) test (Diebold and Mariano 1995) is used to perform a 2-
by-2 comparison of the models using the MSE loss function to evaluate the equality
of the model predictions. Given a loss function /(-), the series of difference in loss
between the two prediction series is calculated as:

di =1Gi0 —yi,) —1(Gi2 — yi2) (3D
Given the null hypothesis of:
Ho: E[di]=0 (32)
The DM test statistic is:

a2 d;

DM = —=Z

V27 f4(0)/m

Where fd(~) is the spectral density of {d;}.

(33)
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